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Abstract 

We prove two assumptions made in an article by Ya.A. Butko, M. Grothaus, 
O.G. Smolyanov concerning the existence of a strongly continuous operator semi- 
group solving a Cauchy-Dirichlet problem for an elliptic differential operator in a 
bounded domain and the existence of a smooth contractive embedding of a core of 
the generator of the semigroup into the space Cc Based on these assumptions 
a Feynman formula for the solution of the Cauchy-Dirichlet problem is constructed 
in the article mentioned above. In this article we show that the assumptions are 
fulfilled for domains with C^'"-smooth boundary and coefficients in C^'". 
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1 Introduction 

For a second order elhptic differential operator L with Holder continuous coefficients (see 
Definition II. ip and a bounded domain C M", n G N, with certain assumptions on 
the boundary dVl we consider the Cauchy-Dirichlet problem: For Uq G Cq{VL) sufficiently 
smooth find a function u : [0, oo) — {Cq{Q), \\ ■ \\sup) different iable in t such that 

t > 0, x G fi, 

xen, (1.1) 
t>0,x edQ. 

Let {Cq{Q), II ■ ||co{fI)) Banach space of continuous functions vanishing at the 

boundary endowed with the norm of uniform convergence (also called supremum norm). 
We define {L,D{L)) on Cq(JI) by: 

Definition 1.1 

n n 

Lu := ttijdidjU + hdiU + cu, n G D{L), 

i,j=l i=l 

D{L) = {ue C2'"(n) \u = Lu = 0on(9fi}. 

We assume the coefficients aij,bi,c, 1 < i, j < n to he at least C°'"(fi)-smooth and 
bounded by a constant < C < oo. The matrix A := {aij)ij is assumed to be symmetric 
and uniformly elliptic with ellipticity constant A > 0. Throughout this paper a denotes 
an arbitrary but fixed real number with < a < 1. Here as usual C^'°(fi) denotes the 
space of twice Holder continuously differentiable functions such that the derivatives admit 
a (Holder) continuous extension to the boundary. For a boundary point xq, Lu{xq) is 
defined using the continuous extensions of the derivatives of u and the coefficients of L 
to dVt. 

A so called Feynman formula gives an approximation of the solution of 01. ip in terms 
of an iterated sequence of integrals over elementary functions only, see Definition 11.31 
below. In particular this formula gives a finite-dimensional approximation to the well- 
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du 



(t, x) = Lu{t, x), 



dt 

m(0, x) = Uq{x) 
u{t, x) = 0, 
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known Feynman-Kac formula, see |ZJ01| : 



u{t, x) = Ej: 



t < Tn 



, xen,t>0. (1.2) 



Here denotes the expectation w.r.t the law of the diffusion process with diffusion 
matrix Ojj and drift coefficient bi starting in x, according to |ZJ01l Theo. 3.1]. 

We now recall the approximation formula from |BGS10] and some main steps in its 



proof to motivate the assumptions which we will prove in this paper. Define for u G D{L) 



Fiuix) :-- 



?/;,(t)(x)exp(tc(x)) f f {A ^{x){x - y + tb{x)), x - y + tb{x))\ 

exp \Eu[y)dy 



V..,)(x)exp(t.(x)) I /_ {A-\x){x -y\x-y)^ \a-%x), x - y)]Eu{y)dy 



^Ja{x){A-KtY Jk 



U 2 



;i.3) 



Here (■, ■) denotes the Euclidean scalar product on M", a{x) denotes the determinant 
of A{x) and v{x) := c(x) — ^{A~^b{x),b{x)) . ips{t) is a family of cutoff functions with 
compact supports in fi, defined in |BGS10) before Lemma 4.3. Moreover is a suitable 
extension operator embedding D{L) into C^'"(M"), see Assumption [L3] below. 
Note that we have defined L without the factor | in front of the second order terms, 
which leads to a slightly different form of Ft than in |BGS10| . 

The subindex c denotes that the functions in C^'°(r2) have compact support in fi, analo- 
gously the subindex denotes that the functions vanish at the boundary. The analogous 
notation is used for the spaces Using a Taylor expansion of Eu it can be shown 

that for uq G Co'°(^^) with Lu = on dVt: 

FtUo = UQ + tLuQ + o{t), (1.4) 

with o{t) independent of x, see |BGS10| Lemma 4.1, 4.2 and 4.3]. So Ft approximates the 
solution to the Cauchy-Dirichlet problem (11. II) for small t and one might ask whether the 
solution for t > can be obtained by splitting [0, t] in small time intervals and applying 
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Ftjn in each interval, i.e 

u{t) = lim (F(t/n))"Mo- 

n—^oo 

A well-known tool to prove convergence is the Chernoff theorem for strongly contin- 
uous operator semigroups, see |BGS10t Theo. 2.2] or |EN00t Theo. 5.2]. 

Theorem 1.2 (Chernoff theorem) Let X be a Banach space, F : [0, oo) — > L{X) a 
continuous mapping such that -F(O) = Id and \\F{t)\\ < exp{at) for some a G [0, oo) 
and all t > 0. Let D be a linear subspace of D{F'{0)) such that the restriction of the 
operator F'{0) to this subspace is closable. Denote by {L,D{L)) the closure. If [L, D{L)) 
is the generator of a strongly continuous semigroup (Tf)f>o, then for any < tg < oo the 
sequence ((F(t/n))")^^j^ converges to Tt as n ^ oo in operator norm, uniformly with 
respect to t G [0,to]) i-^-, Tt = lim„_^oo {F{t/n)^" locally uniformly in [0,oo). 

To ensure that {Ft)t>o defined above is uniformly exponentially bounded the extension 
operator E is assumed to be contractive w.r.t the sup norm. Note that an estimate of 
the form || < Mexp(at) for M > 1 is not sufficient to apply the Chernoff theorem. So 
boundedness of E would not be sufficient. This leads to the following assumption: 

Assumption 1.3 There exists a linear embedding E : D{L) — )• C^'"(R") with the 
properties: 

1. Eu\-^ = u 

2. sup \Eu{x) \ = sup|m(x)|. 

Here C^'"(M") denotes the space of twice holder continuously differentiable functions 
with compact support in M". 

Moreover to apply the Chernoff theorem the solution to (11.11) must be represented by 
a strongly continuous operator semigroup and (11. 4p must hold on a core of the generator 
of the semigroup. This leads to the following assumption: 

Assumption 1.4 Let (L,D(L)) be as in Definition 11.11 Assume that (L,D(L)) is clos- 
able in (Co(fi), II ■ llco(n)) and the closure {L,D{L)) generates a strongly continuous op- 
erator semigroup. 
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Note that then D{L) is a core of the generator of the operator semigroup for the 
Cauchy-Dirichlet problem (11.11) . This assumption corresponds to [BGSlOt Ass. 3.2]. 

Assuming 11.41 and II. 3[ the following theorem is proved in |BGS10| Theo. 4.5]: 

Theorem 1.5 Let F{t) be as in Definition \1.3\ and (Tt)t>o the semigroup generated by 
(L, D(L)) (due to\r^. Then for all t > it holds 

Tt = Urn (F{t/n)Y 

n— s-oo 

w.r.t the operator norm. 

Note that the proof of |BGS10| Theo. 4.5] is based on |BGS10| Lemma 4.2], where 
the existence of a smooth contractive embedding operator for functions in CQ'"(fi) is 
assumed. However this embedding operator is applied only to functions in D[L), so the 
weaker Assumption II .31 is also sufficient. 

The aim of the present paper is to prove Assumption 11.41 and 11.31 under conditions on 
the smoothness of the coefficients of L and the boundary of Q. 

In section 2 we prove Assumption 11.41 for the case of C°'"(f2)-smooth coefficients and 
domains Q which are C^'"-smooth and bounded, see Theorem 12.31 

In section 3 we prove Assumption 11.31 for coefficients in C^'"(fi) and domains Q which 
are C^'"-smooth and bounded, see Theorem 13.81 

Remark 1.6: For C^'°-smooth Q and C°'"-smooth coefficients the semigroup {Tt)t>o is 
even analytic and the solution u{t) = TiUq is in CQ'"(f2), see Theorem 12.61 Moreover from 
|ZJ01t Theo. 3.2] it follows that the semigroup generated by {L,D{L)) is represented 
by the Feynman-Kac formula (11. 2p . The Feynman-Kac formula holds also under weaker 
conditions on the boundary, but then Cq{Q) has to be replaced by a larger space, see 
[ZJOn Theo. 3.3]. 
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2 Existence and Regularity 

First we state two well-known theorems concerning elliptic differential operators of second 
order. 

Lemma 2.1 Let u G Cq{VL), L as in Definition ll.il If m attains its maximum (minimum) 
at an interior point Xq of VL then for Aq := sup^gQc(x) it holds: 

(Lm- Aom)(xo) < 0(> 0). (2.5) 

In particular, the operator L — Aq is dissipative on Cq{VL). 

Proof. The proof of f l2.5p can be found in the proof of |GT77| Theo. 3.1]. Let xq E VL 
be a point where the supremum of |n| is attained, then for the bounded linear functional 
F : Co(f2) — M, I— 7- sgn(u(xo))t'(xo) it holds: F{u) = ||M||(7,j(f7) and by the statement 
above: F{{L — Xo)u) = {Lu — \qu){xq) < 0. So L — Aq is dissipative. □ 

Theorem 2.2 Let L he an elliptic differential operator with coefficients aij,bi,c in C^'°'{Q) 
and c < 0. Let further Q be a bounded C'^'"' -smooth domain. Then for f G C°'"(r2) there 
exists a unique solution u G CQ'"(f2) such that: 



Lu = f. 

Proof. See [GT771 Theo. 6.14]. □ 

Theorem 2.3 Let {L,D{L)) as in Definition li.il with C^'"'{Q)- smooth coefficients, Q 
be a bounded C^'°'-smooth domain. Then the closure of {L,D{L)) in {Co{Q), \\ ■ \\co(n)) 
generates a strongly continuous operator semigroup. 

Proof. Set Aq := sup^gf^c(x). Then the operator L — Aq is dissipative by Lemma l2.ll 
and densely defined. Thus {L,D{L)) is closable. Moreover since for A > Aq, it holds 
c = c — A < 0, Theorem 12.21 applies. So the operator L — X has dense range for all A > Aq. 
Thus the closure {L,D{L)) of {L,D{L)) generates a strongly continuous semigroup. □ 
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Remark 2.4: If c < the operator semigroup is contractive, otherwise the growth bound 
is given by exp(Aot), where Aq = sup^.gj^c(x) is as in the proof of Theorem 12.31 

Remark 2.5: By the previous theorem we get that D{L) is a core for the generator of 
the semigroup corresponding to the Cauchy-Dirichlet problem (11. ip . The elements in the 
domain of D{L) need not to be twice continuously differentiable and so solutions obtained 
by the operator semigroup at first sight need not to be classical solutions. However the 
following theorem shows that functions in D{L) are twice weakly differentiable and TfU 
is even in C^.^^H) for t > 0. 

Using the results of |L95| . we get: 



Theorem 2.6 In the situation as in Theorem \2.3\ we have: 
1. For the domain D{L) it holds: 



D{L) = {n G Pi Wff^{^l) I Lu G u G Co(f])}. (2.6) 

p>i 

2. The corresponding semigroup {Tt)t>o is the restriction of an analytic semigroup. 

3. TtUQ G Co'"(n) /or t > and Uq G CqIH). 

Proof. Let D' be the RHS of (ES]). By |L95l Cor. 3.1.21(ii)] the differential operator L 
defined on D' generates an analytic semigroup on Co{Q). Since D{L) C D' and {L,D') 
is closed it follows D{L) C D'. But {L,D{L)) generates a semigroup, thus D{L) cannot 
be a proper subset of D' by the Hille-Yosida theorem. In the notation of |L95t Theo. 
5.1.11] we have Tf = exp(tL), u := exp{tL)uo = TiUq and / = 0. Then the last statement 
follows from [L95l Theo. 5.1.13(iv)]. □ 

3 Embedding operator 

In this section we construct the contractive smooth embedding of D[L) C Co'"(f2) into 
the space C^'"(]R"). We emphasize the requirement, that the supremum norm of the 
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continued function is not increased. Due to this requirement usual extension operators, 
like in |GT77t Sec. 6.9], are not suitable, since they increase in general the supremum 
norm. One possibility to continue a function is to do a reflection at the boundary. That is 
each point outside corresponds to a point inside Q and the function at the point outside is 
defined to be the value at the corresponding point inside multiplied by 1 or —1. Such an 
extension is clearly contractive, however it is not smooth enough in general. For example 
take Q = M^, u G CQ'"(M(j"). Define u{x) = —u{—x) for x < 0. Then since m(0) = 
and dxu{x) = dxu{—x), -u is a continuously differentiable continuation of u. However 
dxdxu{x) = —dxdxu{—x). So u is in general not C^(]R) smooth. On the other hand, if 
additionally dxdxu{0) = 0, then u is C^{R), and for u e C^''^(R^) it follows u e ^^'"(M). 
Here dxdxu{0) means the continuous extension of dxdxU to the boundary. So we get a 
smooth and contractive continuation if we restrict ourselves to the subspace of Cg'"(M(]') 
with the additional condition dxdxu{Q) = 0. As a motivating example we generalize this 
this construction to functions with boundary condition adxdxu{Q) + bdxu{0) = u{0) = 0. 
In this case the reflection has to be replaced by a squeezed reflection, see Theorem 13.11 
Then we give the construction of the embedding operator for C^'"-smooth domains and 
elliptic differential operators with C^'°(f2)-smooth coefficients. In this case the reflection 
has to be done along a certain direction, see Lemma 13.41 To ensure the C^'"-smoothness 
of the continued function, we need that the direction of reflection depends C^'"-smooth 
on the boundary point. We first construct a local extension in Theorem 13.61 and then the 
global one in Theorem 13.81 



Theorem 3.1 Let L = adxdx + bdx with a > 0, 6 G M, D{L) = {m G C2."(M+) | ^(0) = 
Lm(0) = 0, m hounded. }. Then there exists an e > and an embedding E : D{L) — > 
C^'°'([— e, oo)) with Eu\^+ = u and 



3.1 Half-line 



sup \Eu{x)\ 



sup |ii(a;)|. 

a;G[0,oo) 



(3.7) 



x-g[— e,oo) 



Proof. Define for x <Q F{x) 



x+ ^x^. Then there exists an e > such that F{x) > 
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for —e<x<0. Define the extension Equ of u by: 



Eou{x) 



u{x) X > 

-u{F{x)) -e < X <0 



By construction condition (13. 7p is fulfilled. Moreover for y < we have: 

V a 



dlE,u{y) = -dlu{F{y)){d,F{y)f - dMF{yWlF{y)) 

= -dlu{F{y))(-l + 2-y] - ( 2 



h V „ f b 



a I \ a 

Using the continuity of F we get that for ?/ 0: 

d^Eou{y) d^u{0). 

Here dxu{0) denotes the continuous extension of d^u from M.^ to 0. The same notation 
is used for dxdxu{0). 

For the second derivative we have for y 

dlEou{y) -> -dlu{0) - 9,.m(0) (^2^ 

Since u E D{L), we have Lu{0) = adlu{0) + bd:,u{0) = 0. Thus -^d^u{0) = dlu{0) 

so 

-dlu{0) - dMO) (2^) = ^'^(0). 

Thus also 

dlEouiy) dluiO)asy /"O. 

By construction EqU is twice Holder continuously differentiable in M"*" and (— £,0), 
moreover by the calculations above the extensions of the interior derivatives in M"*" and 
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(-£,0) to coincide. Thus Equ G e, oo)). Choose now a cutoff rj for in 



3.2 General smooth domain 

Definition 3.2 A domain C is called C'''°' -smooth {k E N, < a < 1), if there 
exists for each point xq G dQ a neighborhood V of xq, a neighborhood f/ of and a 
C'^'^-smooth diffeomorphism ijj : U ^ V such that: 

1. ^/^(f/nM[}) = {dnnv) 

2. ij{u nmi) = (nnv). 

Here Mq denotes the n — 1-dimensional hyperplane {x G M" | x„ = 0} and R" the 
halfspace {x G M" | x„ > 0}. 

Lemma 3.3 Let L be a differential operator as in Definition 11.11 with C^'°-smooth co- 
efficients and Q a C^'"-smooth domain. Let x G dQ, V he a neighborhood of x and 
Vi, ...,Vn '■ V M" a family of C'^'^-smooth normalized vectorfields, which are pairwise 
orthogonal to each other. Then for all points in V (1 Q L can be written in partial 
derivatives in directions along the vector fields Vi, ...,Vn with C^'"-smooth coefficients. In 
particular the first order coefficient of d^^ has the form 



(-£, oo). Define Eu{x) := ri{x)Eu. Then Eu G C^'' 



([-e,oo)). 



□ 



n 




(3.8) 



1=1 



Proof. Denote by the i-th unit vector. Since Cj = 



Cj, Vj)vj we have 



n 




(3.9) 



and 
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= ^^{ei,Vk){ej,vi)dy^^dy^ + {ei,Vk){ej,^y|^Vl)^y^. (3.10) 

k=l 1=1 

Plugging ([33]), (KW) into L yields: 



L = ^ ^ ttijdidj + ^ bidi + c 

i=l j=l i=l 



n n 



aij{{ei,Vk){ej,vi)dy^dy^ + {ei,Vk){ej,dy^vi)dy^) +^bi^{ei,Vk)d^^ +c 

i,j,k,l=l i=l k=l 



n 



^{vk,Avi)dy^dy^ + ^ {b,Vk) + ^{vi,Ady^Vk) \ d^^ + c (3.11) 



k,l k=l \ 1=1 



Since Vk G C^'°'{V), the second order coefficients {vk,Avi) and the ffist order coeffi- 
cients {b,Vk) + YM=i{''''h ^^vi^k) are C^'°-smooth. □ 

Now we construct the direction of reflection. 

Lemma 3.4 Let L be a differential operator as in Definition 11.11 with C^'"-smooth coef- 
ficients, Vt a C^'^-smooth domain. Then for every point Xq G dVt and V the neighborhood 
of Definition 13.21 there exist a C^'"-smooth vector field Vn'-Vr\ dQ — t- M" pointing into Q 
and C^'"-smooth coefficients a„„, b : VCldQ — ?■ M such that for u G -D(iv) as in Definition 



Oand a; G V (18^1: 

anndv^dy^u{x) + bdy^u{x) = 0. (3.12) 

In particular, it holds a„„ = {Vn,Avn) and 6 is as in (13. 8p . Here dy^u{x) and <9{i„<9{i„ti(x) 
are the continuous extension of the inner derivatives to the boundary. 

Proof. Let xq G V be the neighborhood of a^o, U be the neighborhood of and 
be the C^'"-smooth diffeormophism of Definition 13.21 By ort honor malising the column 
vectors of the Jacobi matrix Dip we obtain a family of vector fields Vi, ...,Vn : V — >■ M". 
Since ip maps points z ^ U with 2;„ > into f2 the last column vector {Dil))n on dVt 
points into VL and thus also restricted to dVL points into VL. Note that Wi, fulffil 
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the assumption of 13.3 
Define 



n— 1 / . \ 



Then Vn € C^'"(9n). Since n = on the boundary, we have 



a,,M = 0, (3.13) 



for 2, j 7^ n. 

Therefore we have 



d^„u = dy„u, (3.14) 



for i ^ n. Furthermore: 



Q Q u=\d~ - V _^vh^^^ 



i=l 



n— 1 / A \ 

= d- d- A!^!iji!v ^ ^_ 

2 = 1 

n— 1 / /I \ 

= dy^dy^u -2y^ P y^ dy^^u OH V H dQ . (3.15) 

z=l ' 

Let b be as in (13. 8p . The boundary condition Lu = imphes using (I3.13p . (I3.14p . 
(I3.15P and Lemma [3.31 



n-l 

= Lu= {vn, Avn)dy^dy^u + 2 ^(fi, v4i;„,)(9„^(9^„u + hdy^u 

i=l 



{Vn, Avn) ( dy^dy^u - 2 ^ Y^^^jAdyAnU ) + 2 ^(Wi, AW„)9^,9„„M + 

i=l \^'"'^^'"/ / i=l 
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□ 

We construct now a local embedding operator. For a point x G M" we denote by x' 
the vector of the first n — 1 coordinates. 

Theorem 3.5 Let L be a differential operator as in Definition \1.1\ with C"^'"" -smooth 
coefficients, VL a C'^''^ -smooth domain. Then for each xq G dVt, there exists a neighborhood 
V of xq, a neighborhood UofO and a C'^''^ -smooth diffeomorphism ip as in Definition \3.^ 
with the additional property: 

dniuo4,){z) = d,MH^)). zeUnRl (3.I6) 



where Vn '■ V ^ M."" is the vector field provided by Lemma \3.4 



Proof. Let Xq G dQ, tp, U, V the C^'"-diffeomorphism and the neighborhoods as in 
Definition 13.21 Furthermore let Vn : V ^ the C^'"-smooth vector field provided by 
Lemma [3.41 For x G fl dQ, z := ip~^{x) define 

Since Vn{x) points into Q and is not an element of the tangential space which is spanned 
by the first {n — 1) column vectors of Dip{z), it holds: y^\z) > 0. Choose now 5 > 
sufficiently small such that U' := C U. Define ipQ : U' ^ M" by 

(w', Wn) ^W' + Wny^''\w', 0), 

then: 

Since yr?\z) > 0, Det Di/jq{w' , 0) and ipo{0) = 0. So there exists a neighborhood 
of zero If G U' such that ipQ : U ^ "ipoiU) is also a C^'"-smooth diffeomorphism. Choosing 
U small enough we get tpo{U) C U and V := o {U) is a neighborhood of xq. Define 

now := ^^o^/^o, then ^l)Q{UnW^) C and i)Q{UnW\) C W],, ^l)Q{UnWL) C together 



13 



Feynman Formula for smooth bounded domains 



14 



with the corresponding properties of ip imply: 

ipiunwi) = nnv, 
ip{u n R[j) = dnr\V. 

Now let z eU n Rq, then z = ipo{z), x := ip{z) e dQ and 

dn{u o tp){z) = dn{u oipo ipo){z) = V u{x){D^{z))y^'^\z) = Vu{x)vn{x) = dij„u{x). 

(3.17) 

□ 

Theorem 3.6 Let {L,D{L)) be a differential operator as in Definition with C^'"- 
smooth coefficients, Q a C^'"" -smooth domain. Then for each xq G dVt there exists a 
neighborhood V of Xq and a linear bounded operator E : D[L) — )■ C^'"(V^) such that for 
u G D{L) it holds Eu\y^^ = u\y^^ and 

^^Pyev\^^(y) \ = ^^"Pyevnn H- (3-18) 

Proof. Let Xq G dQ, V, U be the neighborhoods and il) the diffeomorphism provided by 
Theorem 13.51 Define a' := hnn o ip, b' := b o ip with dnn, b are as in fl3.12p . Choose e > 
such that [—£,5]" C U. Define: 



F : [-£,£]"n{^„ < 0} ^M", 
For the derivatives of F we have: 



dnFniz) = \^-l+2z, 

dndnFn{z) = 2 



a'{z',0) 
b'{z',0) 
a'{z',0)' 



(3.19) 
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Note that dnFn{z) —1 as Zn 0, furthermore for j ^ n, diFn{z) -> 0, djdiFn{z) — > 
and dndiFn{z) — as 2„ — 0. 
Moreover the following estimate holds: 



-z,. 



n — Fn{z , Zn) ^ + ^ Z^, 



where C := snp ^^jj\b' [z' ,0)\ and A is the ellipticity constant mentioned after Definition 



11.11 Choosing ei > small enough we therefore get: 

F(z',Zn) e i-e,eY^-'^ x (O,^) for {z',Zn) G {-8,6^^-'^ X (-£1,0). 
Define U := x {-ei,e) and Eq : D{L) C^'^'iU) by: 



Eou{z) 



-u{ipoF{z)) , if -e3< Zn<0 
u(^|J{z)) , else 



We check the smoothness of the extended function. Note that by the smoothness of a' 
and b', F is a C^'"-smooth function. 

For points with Zn, < Equ is a composition of u and the C^'"-smooth function i/j o F. 
Now let G U with = 0, yo := We write z / for z and 

2;^ < 0. Then di{u o ^/')(2o) = 0, where diiu o ■?/')(2;o) denotes the continuous extension of 
the inner derivative to the boundary point Zq. We use the same notation for higher order 
derivatives below. Then di{u o ip o F){z', Zn) — )■ as 2; z^^^ for i ^ n, so SiEqu exists 
in z^^\ By the same arguments the second partial derivatives in direction i, j 7^ n exist. 
Moreover 

dn{-u otpoF){z) = -dn{u o i;){F{z))dMz) ^ d^iu o asz / z^. 

By the same argument together with dndiFn{z) — > as 2 z^^^ we get dndi{—u o ip o 
F){z) -^dndi{uo^oF){z^^^). 
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For the second derivative in direction n we have 

- dliu o - d^{u o 4,)iFiz)){dlF^{z)). 

By flXT^ it holds 

a'<9s„<9ii„n(?/o) + b'di^u{yo) = 0. 
Moreover by the choice of ip it holds 

and 

So it follows a'dliu o + b'dn{u o = 0. 

So for 2 / ^(o): 

So the extensions of the one-sided first and second order derivatives from below {zn < 
0) and above (2„ > 0) coincide. Since the second order derivatives are Holder continuous 
in both parts and continuous at the points with z„ = there are Holder continuous in U. 
Set V := ^{(J). Then f is a neighborhood of xq. Define E : C2.°(y n fi) ^ C'^^'^{V) by: 



Euix) 



Equ o tp-^{x) , iftp~^{x) < 
u(x) , else 



This operator fulfills the conditions fl3.18p . and is also bounded w.r.t to the C^'" norm 
since the C^'" norm of the extended function Eu can be estimated by the C^'" norms of 
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u, ip and the coefficients a', h' . □ 

Remark 3.7: Note that for the C^'"-smoothness of the diffeomorphism ip in Theorem 
I3.5l we need that the transformed differential operator has C^'"-smooth second order coef- 
ficients. For the C^'"-smoothness of the F in Theorem 13.61 also the ffist order coefficients 
must be C^'^'-smooth. Since the ffist order coefficients contain second derivatives of the 
diffeomorphism ip, VL must be assumed to be C^'"-smooth. 

We have therefore established the main tool for constructing the embedding operator 
on the whole domain. 

Theorem 3.8 Let {L,D{L)) as in Definition Q a bounded C^'° smooth domain. 
Then there exists a linear bounded operator E : D{L) — )■ C^'°(]R") with Eu\q = u and 

^^VymAEu{y) \ = supy^^ \u\. (3.20) 

Proof. For x G dQ let Vx be the neighborhood provided by Theorem 13.61 Then dQ C 
[Jx€dn Since dQ is compact, there exist finitely many Xj G dQ, 1 < i < M such 
that Vi, Vm cover dQ. Denote by {Ei, Vi) the corresponding embedding operator and 
neighborhood. Define Vq := f^\(IJj ^i)^ then by the choice of Vi, dist(Vo, dQ) > 0. Choose 
now a partition of unity {f]i)fiQ such that rji has compact support in for 1 < i < M 
and J2fioViix) = 1 for x G H. Define E : D{L) C2.°(M") by 

M 

Eu := ^riiEi{u\y). 

By the properties of E^ and rji this defines a function in C^'°'(M"). Since Xlfio Vi{^) = 1 
for X G r2, we have Eu{x) = u{x) for x G fi. Since '^fLoVii^) < 1 for x G fi'^ and 
supy^Y.\Eiu{y)\ = svLPy^y,^^\u{y)\ equality fl3.20p follows. Furthermore the operator is 
also bounded (but not necessarily contractive) w.r.t the C^'" norm. This follows from 
the fact that the operators E^ are bounded w.r.t the C^'" norm. □ 
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